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In this corrigendum, I correct a mild error in a technical lemma of
Yengui (2006) [5]. This error affected some results and examples in
Hadj Kacem and Yengui (2010) [3] and Yengui (2006) [5].
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1. Corrigendum to [5]
In this paper by a valuation ring we mean a ring in which every two elements are comparable
under division. It is not necessarily a domain. The ring Z/pkZ, where p is a prime number and k 2,
is a typical example of a (Noetherian) valuation ring which is not a domain.
There is an error in Lemma 4 of [5] which can fairly be repaired. For this, we ﬁrst need to add the
deﬁnition of S( f , f ) to Deﬁnition 2 of [5].
Deﬁnition 1. Let R be a commutative Noetherian valuation ring, f = g ∈ R[X1, . . . , Xn] \ {0}, I =
〈 f1, . . . , f s〉 a nonzero ﬁnitely generated ideal of R[X1, . . . , Xn], and > a monomial order.
(i) Denote by mdeg( f ) = α, mdeg(g) = β , and γ = (γ1, . . . , γn), where γi = max(αi, βi) for each i.
The S-polynomial of f and g is the combination:
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γ
LM(g) g if LC(g) divides LC( f ),
S( f , g) := LC(g)LC( f ) X
γ
LM( f ) f − X
γ
LM(g) g if LC( f ) divides LC(g) and LC(g) does not divide LC( f ).
(ii) Denoting the annihilator of LC( f ) by dR, we set S( f , f ) := df (it is deﬁned up to a unit). Note
that S( f , f ) behaves exactly like usual S-polynomials in the sense that mdeg(S( f , f )) < mdeg( f )
and S(Xδ f , Xδ f ) = Xδ S( f , f ), ∀δ ∈ Nn .
Remark 2. The case treated in Deﬁnition 1 can be addressed from the point of view of the clas-
sical theory in case the base ring is integral (see for example [4]). Deﬁnition 1 can be extended
“dynamically” to Dedekind rings (with zero divisors). As a matter of fact, in this case, when comput-
ing S-polynomials, if one has to handle two incomparable (under division) elements a,b in the base
ring R, he should ﬁrst compute u, v,w ∈ R such that
{
ub = va,
wb = (1− u)a,
and then pursue the computations over the rings Ru := R[ 1u ] and R1+uR := { xy , x ∈ R and ∃z ∈ R | y =
1+ zu} (see the boolean ring example treated in the introduction of [3]).
Now, we give a corrected version of Lemma 4 of [5].
Lemma 3. Let R be a commutative Noetherian valuation ring, > a monomial order, and f1, . . . , f s ∈
R[X1, . . . , Xn] such that mdeg( f i) = γ for each 1 i  s. If mdeg(∑si=1 ai f i) < γ for some a1, . . . ,as ∈ R,
then
∑s
i=1 ai f i is a linear combination with coeﬃcients in R of the S-polynomials S( f i, f j) for 1 i  j  s.
Furthermore, each S( f i, f j) has multidegree < γ .
Proof. Since R is a valuation ring, we can suppose that LC( f s)/LC( f s−1)/ · · ·/LC( f1). Thus for i < j,
S( f i, f j) = f i − LC( f i)LC( f j) f j
s∑
i=1
ai f i = a1
(
f1 − LC( f1)
LC( f2)
f2
)
+
(
a2 + LC( f1)
LC( f2)
a1
)(
f2 − LC( f2)
LC( f3)
f3
)
+ · · · +
(
as−1 + LC( f s−2)
LC( f s−1)
as−2 + · · · + LC( f1)
LC( f s−1)
a1
)(
f s−1 − LC( f s−1)
LC( f s)
f s
)
+
(
as + LC( f s−1)
LC( f s)
as−1 + · · · + LC( f1)
LC( f s)
a1
)
f s.
But (as + LC( f s−1)LC( f s) as−1 + · · · +
LC( f1)
LC( f s)
a1)LC( f s) = 0 since mdeg(∑si=1 ai f i) < γ , and thus
(
as + LC( f s−1)
LC( f s)
as−1 + · · · + LC( f1)
LC( f s)
a1
)
f s ∈ RS( f s, f s). 
Now, we give a corrected version of Theorem 5 of [5].
Theorem 4. Let R be a commutative Noetherian valuation ring, I = 〈g1, . . . , gs〉 an ideal of R[X1, . . . , Xn],
and ﬁx a monomial order >. Then, G = {g1, . . . , gs} is a Gröbner basis for I if and only if for all pairs i  j, the
remainder on division of S(gi, g j) by G is zero.
Buchberger’s algorithm we give below is exactly the same as the one given in [5] except that “For
each pair f = g in G ′” is replaced by “For each pair f , g in G ′”.
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ring, I = 〈g1, . . . , gs〉 a nonzero ideal of R[X1, . . . , Xn], and ﬁx a monomial order >. Then, a Gröbner
basis for I can be computed in a ﬁnite number of steps by the following algorithm:
Input: g1, . . . , gs
Output: a Gröbner basis G for 〈g1, . . . , gs〉 with {g1, . . . , gs} ⊆ G
G := {g1, . . . , gs}
REPEAT
G ′ := G
For each pair f , g in G ′ DO
S := S( f , g)G ′
If S = 0 THEN G := G ′ ∪ {S}
UNTIL G = G ′
The following example is not in [5]. We added it in order to clarify the correction we made in
Buchberger’s algorithm for Noetherian valuation rings. As mentioned in [3], all the examples we gave
in [3,5] are over Z/nZ or over rings of integers having a Z-basis and can be treated in most software
systems such as MAGMA [1] and SINGULAR [2].
Example 5. Let V[X] = (Z/16Z)[X], and consider the ideal I = 〈 f1〉, where f1 = 2+ 4X + 8X2
S( f1, f1) = 2 f1 = 4+ 8X =: f2,
S( f1, f2) = 2 =: f3,
S( f2, f2) = 2 f2 = 8 f3−→ 0, S( f3, f3) = 0,
f2
f3−→ 0.
Thus, G = {2} is a Gröbner basis for I in V[X].
Examples 6 and 7 below are corrected versions of Examples 6 and 7 of [5] (per chance, the com-
puted Gröbner bases are not affected by the changes).
Example 6. Let V[X, Y ] = (Z/27Z)[X, Y ] and consider G = {gi}4i=1, where g1 = 9, g2 = X + 1,
g3 = 3Y 2, g4 = Y 3 + 13Y 2 − 12. Let us ﬁx the lexicographic order as monomial order with X > Y
S(g1, g1) = S(g2, g2) = S(g3, g3) = S(g4, g4) = 0,
S(g1, g2) = Xg1 − 9g2 = −9 g1−→ 0,
S(g1, g3) = Y 2g1 − 3g3 = 0,
S(g1, g4) = −9Y 2 g1−→ 0,
S(g2, g3) = 3Y 2g2 − Xg3 = 3Y 2 g3−→ 0,
S(g2, g4) = Y 3g2 − Xg4 = −13XY 2 + 12X + Y 3 g2−→ 12X + Y 3 + 13Y 2 g2−→ Y 3 + 13Y 2 − 12 g3−→ 0,
S(g3, g4) = Y g3 − 3g4 = −12Y 3 + 9 g3−→ 9 g1−→ 0.
Thus, G is a Gröbner basis for 〈g1, g2, g3, g4〉 in V[X, Y ].
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f2 = Y 3 − 1, f3 = 2XY . Let us ﬁx the lexicographic order as monomial order with X > Y
S( f1, f1) = S( f2, f2) = S( f3, f3) = 0,
S( f1, f2) = Y 3 f1 − X4 f2 = X4 − XY 3 f1−→ X − XY 3 f2−→ 0,
S( f1, f3) = 2Y f1 − X3 f3 = −2XY f3−→ 0,
S( f2, f3) = 2X f2 − Y 2 f3 = −2X, f4 := 2X, S( f4, f4) = 0,
S( f2, f4) = 2X f2 − Y 3 f4 = −2X f4−→ 0,
S( f1, f4) = 2 f1 − X3 f4 = −2X f4−→ 0,
f3
f4−→ 0.
Thus, G = { f1, f2, f4} is a Gröbner basis for I in V[X, Y ].
2. Corrigendum to [3]
By virtue of the error in Lemma 4 of [5], we have also to make the following mild corrections
in [3].
The following theorem is a corrected version of Theorem 5 of [3].
Theorem 8 (Generating set of the ﬁrst syzygy module of a set of terms over valuation rings). Let V be a com-
mutative Noetherian valuation ring, c1, . . . , cs ∈ V \ {0}, and M1, . . . ,Ms be monomials in V[X1, . . . , Xn].
Denoting LCM(Mi,M j) by Mi, j and the canonical basis of V[X1, . . . , Xn]s×1 by (e1, . . . , es), the syzygy mod-
ule Syz(c1M1, . . . , csMs) is generated by
{
Sij ∈ V[X1, . . . , Xn]s
∣∣ 1 i  j  s},
where for i = j,
Si j =
⎧⎨
⎩
Mi, j
Mi
ei − cic j
Mi, j
M j
e j if c j | ci,
c j
ci
Mi, j
Mi
ei − Mi, jM j e j else,
and Sii = diei , where di is a generator of the annihilator of ci in V (Sii is deﬁned up to a unit).
Notation 6 of [3] should be slightly modiﬁed as follows.
Notation 9. Let V be a commutative Noetherian valuation ring, > a monomial order, f1, . . . , f s ∈
V[X1, . . . , Xn] \ {0}, and {g1, . . . , gt} a Gröbner basis for 〈 f1, . . . , f s〉. Let ci = LC(gi), and Mi = LM(gi).
In order to determine the syzygy module Syz( f1, . . . , f s), we will ﬁrst compute Syz(g1, . . . , gt). Recall
that for each 1 i < j  t, the S-polynomial of gi and g j is given by
S(gi, g j) :=
⎧⎨
⎩
Mij
Mi
gi − cic j
Mij
M j
g j if c j | ci,
c j
ci
Mij
Mi
gi − MijM j g j else.
Moreover, S(gi, gi) := di gi , where di is a generator of the annihilator of ci in V (it is deﬁned up to a
unit).
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S(gi, g j) =
t∑
k=1
gkhijk with mdeg
(
S(gi, g j)
)= max
1kt
mdeg(gkhijk). ()
(The polynomials hijk are given by the division algorithm.)
For 1 i < j  t , let
i j =
⎧⎨
⎩
Mij
Mi
ei − cic j
Mij
M j
e j if c j | ci,
c j
ci
Mij
Mi
ei − MijM j e j else,
and ii = diei , where di is a generator of the annihilator of ci in V. For 1 i  j  t , denote by
si j = i j −
t∑
k=1
ekhijk.
And now a corrected version of Theorem 7 of [3].
Theorem 10 (Syzygy module of a Gröbner basis over a commutative Noetherian valuation ring). With the
previous notations,
Syz(g1, . . . , gt) = 〈si j | 1 i  j  t〉.
The only result in [3] which still need correction is Example 9. Hereafter a corrected version of
this example.
Example 11. Let f1 = 2XY , f2 = Y 3 + 1, f3 = X2 + X ∈ V[X, Y ] = (Z/4Z)[X, Y ], and F = [ f1 f2 f3].
Computing a Gröbner basis for 〈 f1, f2, f3〉 using the lexicographic order with X > Y as monomial
order, we obtain
S( f1, f1) = 2 f1 = 0, S( f2, f2) = S( f3, f3) = 0,
S( f1, f2) = Y 2 f1 − 2X f2 = 2X =: f4, S( f4, f4) = 2 f4 f4−→ 0,
S( f1, f3) = X f1 − 2Y f3 = 2XY f1−→ 0,
S( f2, f3) = X2 f2 − Y 3 f3 = 3X2 + XY 3 f3, f2−−−→ 0,
f1
f4−→ 0, S( f2, f4) = 2X f2 − Y 3 f4 = 2X f4−→ 0,
S( f3, f4) = 2 f3 − X f4 = 2X f4−→ 0.
Thus, { f2, f3, f4} is a Gröbner basis for 〈 f1, f2, f3〉 in V[X, Y ]. Let us denote by G = [g1 g2 g3] with
g1 = f4, g2 = f2, g3 = f3.
We have G = F T with T =
(
Y 2 0 0
−2X 1 0
0 0 1
)
and F = GS with S =
(
Y 0 0
0 1 0
0 0 1
)
.
The nonzero vectors si j we found are
s11 = (2,0,0), s12 =
(
Y 3 − 1,2X,0), s13 = (X − 1,0,2), s23 = (0, X2 + X,−Y 3 − 1).
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T s11 =
(2Y 2
0
0
)
, T s12 =
( Y 5 − Y 2
2XY 3
0
)
, T s13 =
( XY 2 − Y 2
2X2 + 2X
2
)
, T s23 =
( 0
X2 + X
−Y 3 − 1
)
.
Moreover, we have I3 − T S =
(
1−Y 3 0 0
2XY 0 0
0 0 0
)
. So, denoting the ﬁrst column of I3 − T S by r1, we have
Syz(F ) = 〈T s11, T s12, T s13, T s23, r1〉
= 〈t(2Y 2,0,0), t(Y 5 − Y 2,2XY 3,0), t(XY 2 − Y 2,2X2 + 2X,2),
t(0, X2 + X,−Y 3 − 1), t(1− Y 3,2XY ,0)〉.
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